Abstract. Let £ be a nonempty (not necessarily bounded) region of finite connectivity, whose boundary consists of a finite number of nonintersecting analytic Jordan curves. Work of J. L. Walsh is utilized to construct an absolute basis (ßn, « = 0, ±1, ±2,...) of rational functions for the space H(E) of functions analytic on E, with the topology of compact convergence; or the space H(Cl (E)) of functions analytic on Cl (E) = the closure of E, with an inductive limit topology.
1. Interpolation bases. For any subset S of the extended complex plane, let H(S) be the set of functions analytic on S (that is,/is in H(S) if and only if/is analytic on some open set containing S), and zero at infinity if the point at infinity is in S. The convergence of a sequence of elements (fn) of H(S) will be said to be compact-open on S if and only if the sequence converges uniformly on compact subsets of some open set containing S.
Throughout the paper, let £ be a nonempty region of finite connectivity, whose boundary consists of a finite number of nonintersecting analytic Jordan curves. If £ is bounded, divide the boundary curves into two mutually disjoint sets, let £(0) and £(1) be the respective unions of the curves in each set, and suppose that the curve exterior to all the others is a subset of £ (1) . Let £ be harmonic in £ and continuous on the closure of £, and take on the values 0 and 1 on £(0) and £(1) respectively. Then there exist points zx, z2, z3,..., in the components of the complement of £ bounded by £(0), and points wx, w2, w3,..., in the components of where Ky and K2 are positive constants, and the convergence is compact-open in E [4, pp. 209-211] . For each real number x such that O^x^ 1 let L(x) be the set of all z such that F'z) = x ; let E'x) be the set of all z such that either F(z) < x or z is in a component of the complement of E bounded by a subset of L(0) ; and let e'x) be the set of all z such that either F(z) > x or z is in a component of the complement of E bounded by a subset of L(l). We consider the point at infinity to be a member of e(x) for each x. If E is unbounded, let F be the Green's function with pole at infinity for E. Then there exist points z1; z2, z3,..., in the complement of E, such that
where AT is a positive constant called the capacity or transfinite diameter of the complement of E, and the convergence is compact-open in E [A, pp. 72-73, 157-158]. For each nonnegative extended real number x let L'x) be the set of all z such that F(z) = x; let E'x) be the set of all z such that either F(z)<x or z is in the complement of E; and let e(x) be the set of all z such that F(z)>x. We consider the point at infinity to be a member of e(x) for each x.
In the bounded case, let »-*» -1/(z-zj-e-<2) -(;-*.x?-X':,k-,w for -» '•
In the unbounded case, let
In either case, let g(z, w) = 2"=o Qn(z)Q-n-i(w) wherever the series converges. If/ is analytic on E'x) then for all z in E'x),
where, for each z in E(x), L(y) is a curve, contained in the region of analyticity of /, such that z is in Cl (E(yy)) for some yy<y. ( [4, pp. 190, 193] for the bounded case, [pp. 159-160] for the unbounded case.) From (1.1) or (1.2), g'z, t) converges absolutely and uniformly for z on Cl (E(yy)) and t on L(y). In particular, for fixed w let/(z) = l/(w-z). If z is in the interior of E(x) and w is on L(y), with x<y, then, because of the uniform convergence,
Now if y<yx then f (Q-n-X(t)/(w-t))dt = 0 for all n, since this integral is independent of yx as long as w is on L(y) and y<yx; so we may take yx = 1 in the bounded case with n/0; we may replace L(yx) by a circle with center at the origin and radius approaching infinity in the bounded case with n = 0; and we may let yx approach infinity in the unbounded case. Thus if z is in the interior of E(x) and w is on L(y), with x<y<yx, then, for every n,
Thus l/(w -z) = g(z, w) = 2"=o Qn(z)Q-n-i(w), where the convergence is absolute and uniform for z on any compact subset of the interior of E(x) ; and w on any compact subset of e(x) n £(1) in the bounded case or w on any compact subset of e(x) in the unbounded case. Let/be any function analytic in e(x) n E(y), where x<y. Let z be any point in e(x) n E(y), and choose r and s such that x < r < s <y and z is in e(r) n £(i). Then where hnk=l if n = k, and =0 otherwise. If /0(z) = 2™=o BnQn(z) and/(z) = 2r7=oe-i BnQn(z) then/ is analytic in E(y), while/ is analytic in e(x) and zero at infinity, and/=/+/.
If/ is any function analytic on Cl (e'x) n E(y)), where 0<x<y<l in the bounded case or 0<x<y in the unbounded case, then there exist rand jsuch that r<x,y<s, and/is analytic on e(r) n E(s). Thus (1.5) holds, the convergence being compact-open on Cl (e(x) n E(y)), and the (BA are unique and given by (1.6). Moreover,/is the sum of a function analytic on Cl (E(y)) and a function analytic on Cl (e(x)) and zero at infinity. The sequence (QA, defined by (1.3) in the bounded case or (1.4) in the unbounded case, will be called an interpolation base for E. If (Qn) is any sequence of functions analytic on e(x) n E(y) (resp. Cl (e(x) n E(y))) such that every function / analytic on e(x) n E(y) (resp. Cl (e(x) n E(y))) can be expanded uniquely in the form (1.5), the convergence being absolute and compact-open on e(x) n E(y) (resp. Cl (e(x) o E(y))), then (QA is called an absolute base for e(x) n F(^) (resp. Cl (e(x) n F(^))) with compactopen convergence. (Cf. [3, pp. 432, 434] .)
We may summarize our previous remarks in Theorem 1. Let E be a nonempty region of finite connectivity, whose boundary consists of a finite number of nonintersecting analytic Jordan curves, and let (QA be any interpolation base for E. Then l/(w -z) = 2™=o Qn(z)Q-n-i(w); where the convergence is absolute and uniform for z on any compact subset of the interior of E(x) ; and w on any compact subset of e'x) c\ E(l) in the bounded case or w on any compact subset ofe(x) in the unbounded case. Moreover, (QA is an absolute base, with compactopen convergence, for every e(x) n E(y) (0 ^ x < y ^ 1 in the bounded case or0^x<y in the unbounded case) and every Cl (e(x) n E(y)) (0 < x < y < 1 in the bounded case or 0<x<y in the unbounded case). Finally, any function analytic on e(x) n E(y) (resp. Cl (e(x) n E(y))) is the sum of a function analytic on E(y) (resp. Cl (E(y))) and a function analytic on e(x) (resp. Cl (e(x))) and zero at infinity.
2. Absolutely effective basic sets. Let (QA be any interpolation base for E. Let x and y be extended real numbers such that 0^x< v^ 1 in the bounded case, or 0¿x<y in the unbounded case. Let (Pn, n=0, + 1, ±2,...) be a sequence of functions analytic on e(x) n E(y), and for each r such that x<r<y let the bounded case, orO<x<j><coin the unbounded case, we can define absolute effectivity on Cl (e(x) n E(y)) by the condition that any function/which is analytic on Cl (e(x) n E(y)) can be expanded in the form (2.4), the convergence being absolute and compact-open on Cl (e(x) O E(y)), and the (Ak) being given by (2.5). Here we assume that the (£n) are all analytic on a fixed open set containing Cl (<**) n E(y)).)
For any subset S of the extended plane, let H(S) be the set of all functions analytic on S (and zero at infinity if the point at infinity is in S). In order to apply theorems on absolute effectivity from (3), we put topologies on H(e(x) n E(y)) and //(Cl (e(x) n E(y))) which give rise to compact-open convergence. Let T be the topology of compact convergence on H(e(x) n E(y)). (Cf. [1, p. 236] .) For //(Cl (e(x) n E(y))), let (xn) be an increasing sequence of positive numbers approaching x and let (yn) be a decreasing sequence approaching y. Let Hb(xn, yn)
[February be the set of all functions analytic on e(xn) n E(yA and continuous on Cl (e(x) r\ E(y)); then H(Cl(e(x) n E(y))) is the increasing union of the (Hb(xn, yn)). Let Fc be the finest locally convex topology on //(Cl (e(x) n E(y))) such that all the natural injection maps from Hb(xn, yA (with the topology of uniform convergence on Cl (e(xA n E(yA)) into //(Cl (e(x) n E(y))) are continuous. We may now apply various theorems on absolute effectiveness, from (3).
Theorem 2. Let (PA be a basic set for e(x) n E(y). Then (PA is absolutely effective on e(x) r> E(y) if and only ifl/i(r)>Ky exp(K2x) and Ky exp(K2y)>I(r) for all r such that x<r<y in the bounded case, or l/i(r) > K exp (x) and K exp (y) >I(r)for all r such that x<r<y in the unbounded case. If the (PA are all analytic on a fixed open set containing Cl (e(x) n E(y)) (where 0<x<j< 1 in the bounded case or 0<x<y<co in the unbounded case), then (Pn) is absolutely effective on
Cl (e'x) n E(y)) if and only ifl/i(x -) = Ky exp (K2x) and Ky exp (K2y) = I(y + ) in the bounded case, or l/i(x -) = K exp (x) and Kexp(y) = I(y + ) in the unbounded case.
Proof. Apply Theorem 8.2, and the analog of Corollary 2 to Theorem 7.3, from [3, p. 442].
Theorem 3. Let (Pn) be a basic set for e'x) n E(y) and letf(z) = 2™= -<» AkPk(z), where the convergence is absolute and compact-open on Cl (e'x) n E(y)). Let (Gnk) be defined by (2.1) and suppose that for some k, lim supn^oe \Gnk\llnfíKy exp iK2y) and lim sup"_ _ «, |GBk| 1"1 á l/(£i exp (K2x)) in the bounded case, or limsuplGnfcl1"1 = Kexp(y) n-» oo and lim supn-, _ M |Gnk\ "1,n á l/(£ exp (x)) in the unbounded case. Then Ak is given by (2.5), where the (Bn) are defined by (1.6). In particular, if(Pn) is absolutely effective on e(x) n E(y) or Cl (e(x) n £(.y))> ínen ?>ie /3as/c coefficients are unique.
Proof. Apply Theorem 9.1 of [3, p. 444], which applies to the topology Tc, and its analog for the topology T.
Theorem 4. Let (Pn) be a sequence of elements of H(e(x) n E(y)) such that every element of H(e(x) n E(y)) has a unique representation of the form (2.4), the convergence being compact-open on e(x) n E(y), and suppose that the numbers Rn(r) defined by (2.2) and (2.1) are finite for every r such that x<r<y.
Then (Pn) is a basic set for e(x) n E(y), and the representations are basic. If (£") are all in H(e(x0) n E(y0)) where x0<x<y<y0, if every element f of //(Cl (e(x) n E(y))) has a unique representation of the form (2.4), the convergence being compact-open on Cl (e(x) n E(y)), and if Rn(r) is finite for every r such that x0 <r<y0, then (Pn) is a basic set for Cl (e(x) n E(y)), and the representations are basic.
Proof. Apply Theorems 9.2 and 9.3 from [3, p. 444].
Note that Theorem 4 implies, in particular, that given two interpolation bases for £, the change of coordinates is effected by matrix multiplication. In fact this is true about any two absolutely effective bases, since any absolutely effective base may be used in place of an interpolation base. Also, Theorem 4 implies that effectivity and the basic coefficients do not depend on which interpolation base is used, subject to the condition that the numbers defined by (2.2) be finite.
Linear transformations.
Let (Pn) be a basic set for e(x) n £(v) which is absolutely effective on e(x) n E(y). Let U be a linear transformation of H(e(x) n E(y)) into itself which is continuous for the topology T. Let (Ukn) be the unique matrix of complex numbers such that U(Pn)= J UknPk, « = 0, ±1, ±2,....
k= -00
For any r and s such that *<r<.y<j7, there exist t, u and N such that /c=-oo n=-oo Thus U can be defined by a matrix with respect to (Pn), the convergence being absolute and compact-open on e(x) n E(y). A double application of the same principle shows that if V is any other linear transformation continuous with respect to T, then the matrix of UV is the product of the matrices of U and V, the convergence being absolute. Similarly, if (£") and (pn) are any two absolute bases then there is an invertible matrix (Wkn) such that Pn = J,k=-x Wknpk, and the matrices of U with respect to (Pn) and (pn) are similar. If (on) is any interpolation base and (Ukn) is a matrix of complex numbers, then, from (1.1) in the bounded case or (1.2) in the unbounded case, it follows that a necessary and sufficient condition that (Ukn) be the matrix with respect to (Qn) of a £-continuous linear transformation on e(x) n E(y), is that, if R = KX exp (K2y) and r = Kx exp (K2x) in the bounded case, or R = Kexp(y) and r = Kexp(x) in the unbounded case, then is an absolute base for every E(y) (resp. Cl (E(y))) with compact-open convergence, as we saw in the remarks prior to Theorem 1. If (£", n = 0, 1, 2,...) is a sequence of functions analytic on £(v) we may investigate the absolute effectivity of (£") on E(y) (resp. Cl (E(y))), by dropping all negative indices from (2.1) to (2.5), and considering only the function / instead of / and i. All the theorems hold with these changes. In particular, we state, for convenience Theorem 2'. Let (Pn, n = 0,1,2,... ) be a basic set for E(y). Then (£") is absolutely effective on E(y) if and only if Kx exp (K2y)>I(r)for all r such that 0<r<y in the bounded case, or K exp (y)>I(r) for all r such that 0<r<y in the unbounded case.
Theorem 4'. Let (Pn, n = 0, 1, 2,...) be a sequence of elements of H(E(y)) (resp.
H(E(y0)) for some y0>y) such that every element of H(E(y)) (resp. //(Cl (E(y)))) has a unique representation of the form (2.4) (with Ak = 0 for negative k), the convergence being absolute and compact-open on E(y) (resp. Cl (E(y))), and suppose that the numbers Rn(r), n = 0, 1, 2,..., defined by (2.2) and (2.1) are finite for every r such that 0^r< v (resp. 0^r<yo).
Then (PA is a basic set for E(y) (resp. E(y0)) and the representations are basic.
Theorem 5. Let (Pn) satisfy the conditions of Theorem A'. If (PA is also absolutely effective on Cl (E(x)) (resp. E(x)) for some x such that 0^x<y (resp. 0<x< v), then there exist functions Pn, n = -1, -2,..., analytic in e(x) (resp. Cl (e(x))), such that (Pn,n = 0, ±1, ±2,...)
is absolutely effective on e(x) n E(y) (resp.
Cl (e(x) n E(y))).
Proof. Suppose first that (Pn, n=Q, 1, 2,...) is absolutely effective on E(y) and on Cl (E(x)). Let (Gnk, n, k=0, 1,2,...) be defined by (2.1). For each k = 1, 2,..., let
Since (Pk, k = 0, 1,2,...) is effective on Cl (£(x)), the sum in (2.5) (nonnegative indices) must converge absolutely for all (/?") such that limsupn^o, |5n|1/n< l/Ky exp iK2x). (We treat only the bounded case. The unbounded case is exactly similar throughout.) Thus limsupn_00 \Gn¡k-y\lln^Ky exp iK2x) for each k, so from (1.1) the sum in (4.1) converges compact-openly in e(x) for each k. Thus P_fc is analytic in eix). Let z be any point in e(x) n Eiy) and suppose z is on F(m) for some u. Since (Pn, n=0, 1, 2,...) is absolutely effective on Eiy), Theorem 2' says that /(»)< Ky exp iK2y). By (1.1) and (2.2) this means that we can find s such that u<s<y and (4-2) 2 2 \GnkPÁz)Q-n-Áw)\ < co, n = 0 k = 0 the convergence being uniform for z on Cl (F(w)) and w on Cl (e(i)). Similarly, let w be any point in e(x) n F(>0, and let w lie on Liu). Since (Pn, n=0, 1, 2,...) is absolutely effective on Cl (F(x)), then /(*+) = Ä', exp iK2x). Thus there exists r such that x < r < u and (4.2) holds, the convergence being uniform for z on Cl (£(/)) and w on Cl (e(i/)). Therefore, if z is on Cl (F(w)) and w is on Cl (e(i)), then 2 Pki^F-*-^) = 2 PAZ) 2 Gnkß-n-l(w) If we define (4.5) Gnk = (l/2-ni) £ Qn(w)P.k.x(w) dw whenever n and k are not both nonnegative, then (4.4) shows that (2.1) holds. Since (Pn, n=0, 1, 2,...) is absolutely effective on E(y), and Qn and £" are analytic on E(y) for nonnegative n, while £n is given by (4.1) for negative n, the uniqueness of representation on E(y) given by Theorem 4' implies that (4.5) holds also when n and k are both nonnegative. We conclude from (4.4) that (£") is an absolute basis (because of the convergence in (4.3)). Moreover, (4.6) (1/2«) ¡l P,(z)P-k -i(z) dz = S/fc.
For, the integral is zero if j and -k-1 are both nonnegative, since then the integrand is analytic on the region bounded by £. A similar remark holds when j and -k-l are both negative. It suffices to consider the case y nonnegative, and -k-1 negative. In this case (4.1) implies
(1/2«) f Pi(z)P.k.x(z)dz= 2 GJilßni) f£i(z)ß-n-1(z)i/z is a basic set on Eiy). (4.6) and (4.4) imply that expansion with respect to (P") is unique on e(X) n Eiy), so Theorem 4 implies that (P") is effective on e(x) n Eiy). An analogous proof holds for Cl (t?(x) n £(^)). This completes the proof of the theorem.
For a particular example, let (Pn, «=0,1,2,...) be a set of polynomials, orthogonal with respect to integration over Cl (F(x0)) or around F(x0), 0fixo, with any positive continuous function allowed as weight function. There exists y>x0 such that if* is any number with x0^x<y (resp. x0<x<y), then ( on eix) n Eiy) (resp. Cl (<?(*) n Eiy))).
